General Relativity has had tremendous successes on both theoretical and experimental fronts for over a century by now. However, the theory contents are far from being exhausted. Only very recently, with gravitational wave detection from colliding black holes, have we started probing gravity behavior in the strongly non-linear regime. Even today, black hole studies keep revealing more and more paradoxes and bizarre results. In this paper, inspired by David Hilbert's startling observation, we show that, contrary to the conventional wisdom, a freely falling test particle feels gravitational repulsion by a black hole as seen by an asymptotic observer. We dig deeper into this relativistic gravity surprising behavior and offer some explanations.
I. INTRODUCTION
More than a century ago, on November 25, 1915, Albert Einstein 1 wrote down General Relativity (GR) field equations in their final form and soon afterwards, on January 13, 1916, Karl Schwarzschild 2 discovered Einstein field equation first solution. Using these results, while studying particle radial motion in a spherically symmetric static gravitational field, David Hilbert 3 noticed on December 23, 1916 , that the acceleration of a massive particle freely falling in a gravitational field, as seen by an asymptotic observer, changes sign when the velocity reaches a given value. It is as though the gravitational field becomes repulsive. Since this result of Hilbert cannot be found in any textbook on General Relativity, we are clearly explaining it in this pedagogical essay.
It is fair to say that most of the motion we see in the Universe is a free fall in a gravitational field. There are three vantage points for looking at a particle falling into a black hole. The first one is an inertial asymptotic observer whom we call far-away observer (Wheeler's Schwarzschild bookkeeper 4 ) who, by definition, is located infinitely far away from the black hole and is sufficiently massless not to exert any gravitational field that could affect the measurements. The second viewpoint is that of the freely falling particle itself which we call freely-falling observer (Wheeler's free-float frame 4 ). The third observer is the one at a finite distance from the black hole who is referred to as finite-distance observer (Wheeler's shell observer 4 ). As seen by the far-away observer, the particle falling into the black hole never crosses the horizon but asymptotically approaches it. This is a standard textbook statement but it hides a subtle detail. We know that when a particle starts falling freely towards a black hole, the velocity increases as it approaches the gravitational source. But we also know that, from the viewpoint of an asymptotic observer, the freely falling particle never makes it to the event horizon. This means that the particle should slow down at some finite distance from the black hole and eventually cease to move at the horizon, albeit this takes an infinite time in the far-away observer's clock. In other words, the freely falling particle decelerates (the acceleration direction is positive (radially away from the gravitating source) while the velocity is negative) i.e., it is repelled by gravity as seen by the far-away observer. One must be careful about the terminology. Repulsion here does not mean that the freely falling particle is bounced off the horizon. For a historical perspective on this topic, we refer the reader to a review by Spallicci 5 .
II. FALLING INTO A SCHWARZSCHILD BLACK HOLE
The Schwarzschild metric in a far-way observer's standard coordinate set up is given by
where M is the black hole mass, and the G and c constants have their usual meanings. For simplicity, we consider a massive test particle radial motion in a Schwarzschild black hole equatorial plane. Then this particle timelike geodesic motion obeys the following,
Here the minus-or-plus sign in the second equation stands for infalling or outgoing test particles respectively. So now we can find the freely falling particle velocity as measured by every observer.
• The far-away observer would measure this velocity to be
which is zero on the horizon.
• The finite-distance observer measures the proper time interval as dt
2 dt, and the proper distance
dr. Hence the freely falling particle velocity as recorded by this observer is
After restoring the constants, its absolute value is equal to c on the horizon. This means the shell observer sees the test particle velocity approaching light velocity as it nears the horizon, which is quite opposite to a far-away observer's measurement.
• Of course, the freely-falling observer is at rest in the float-frame throughout the course of motion, even when passing through the horizon, as long as the tidal forces do not kick in 6 .
The test particle radial geodesic motion equations in a Schwarzschild field are given by
Upon substituting Eq. (2) and Eq. (3) in Eq. (6), we obtain
For a freely falling test particle whose proper time is τ , the following relation holds,
Further, we have 
From this, we can see that the freely falling particle acceleration is positive if
This agrees with Hilbert's original result 3 which was reproduced much later on by McGruder 7 . Eq.(11) can be simplified to give
We infer the following from this result. Here, we have restored c to make the situation easier to understand.
• Any particle with velocity (as measured by the far-away observer) greater than
at any point in the Schwarzschild field is repelled by gravity.
• If a test particle starts from rest at infinity (where spacetime is flat for all practical purposes) and because of the black hole presence, it freely falls into the latter. During the free fall, the particle accelerates only till the velocity (as measured by the far-away observer) reaches
. At that point, its acceleration switches sign and the test particle starts decelerating and eventually (after an infinite time as measured by the far-away observer) comes to a halt at the horizon.
• If a test particle is launched toward a black hole with an initial velocity equal to or greater than
, it decelerates all the way to the horizon.
• When a light ray is shined at a black hole, it approaches it with ever decreasing velocity only to stop at the horizon. 
III. CONCLUSIONS
Given general relativity overwhelming successes for over a century, what is amazing is that the theory still has some surprises for us. This kind of gravity repulsive behavior is commonly known in two different scenarios albeit in completely different contexts. Firstly, this is reminiscent of the cosmological term in the weak field limit, where "Newtonian" gravity is described by,
Hence, the acceleration due to a spherical mass M gravity is given by
The repulsive effect comes from the second term containing the positive cosmological constant Λ. Secondly, one may also notice that this repulsion is akin to the centrifugal force due to angular momentum in Newtonian mechanics, where the acceleration of a particle orbiting around a spherical mass M is given by
Here the repulsive effect comes from the second term containing the angular momentum h. But our case exhibits no cosmological constant and is a pure radial motion. This peculiarity is specific to relativistic gravity. Acceleration enjoys a special status in Newtonian mechanics where space and time are absolute concepts. It has a prominent role in distinguishing between inertial and non-inertial frames. Acceleration and force are invariant under Galilean transformations and hence all observers agree on them. Since acceleration is an experimentally measurable quantity, one has to handle it with care. For more on this, we refer the reader to Petkov 8 . One may say that this black hole gravitational field strange behavior in GR is simply a coordinate effect. But we know from GR general coordinate (diffeomorphism) invariance that any observer is as good as any other. What one measures in one's reference frame is as physical as the effect measured in a different frame. But what is important is that all of them are governed by the same laws of physics, i.e., Einstein field equations. These bizarre result origin lies in the fact that the quantities measured by different observers we are comparing are neither Lorentz scalars nor gauge-invariant. Perhaps late John Wheeler would have said about this puzzling result:"surprise without surprise".
